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A method is p roposed  for  obtaining an app rox ima te  solut ion of a boundary  value p r o b l e m  
for  the o rd ina ry  nonl inear  h e a t - t r a n s f e r  equation in plane Po iseu i l l e  flow when the v i s -  
cos i ty  v a r i e s  exponential ly with the t e m p e r a t u r e .  

I t  is  shown in [1] that  the t e m p e r a t u r e  d is t r ibut ion in the flow of a v iscous  i ncompres s ib l e  fluid b e -  
tween para l l e l  p la tes  is de sc r ibed  by the following equation in  d imens ion less  quant i t ies :  

/e (~TI 4-, C~)" expO = 0 (--1 ~ 1  ~< -:-1), (1) 
drl ~ 

where  the v i scos i ty  is  a s s u m e d  to v a r y  exponential ly with the t e m p e r a t u r e .  In Eq. (1) k is the coeff icient  
o f  d i ss ipa t ion  of mechan ica l  energy ,  C 1 is  a constant  f rom the f i r s t  in tegra l  of the equation of motion,  
i s  a coeff icient  propor t iona l  to the longitudinal p r e s s u r e  gradient .  

Replac ing  the independent va r i ab l e  in (1) by  the s u b s t i t u t i o n  

KE(• -'-- C , )  "~ (9.) 
P =  2~. 

d20 

dp ~ 

r educes  it  to the f o r m  
1 dO 

-F exp 0 = 0. (3) 
2p dp 

The p r o b l e m  of genera l  Couette flow between pa ra l l e l  p la tes ,  two-dimens ional  Po iseuf l le  flow, the non-  
i s o t h e r m a l  p r o b l e m  of the hydrodynamic  theory  of lubr ica t ion  in the Stokes formula t ion ,  and o ther  p r o b l e m s  
r educe  to the in tegra t ion  of an equation of type (1). Equat ion (3) is a specia l  case  of  a m o r e  g e n e r a l e q u a -  

t ion of the f o r m  
d~Y n dY  -7 :-  A exp Y = O, (4) 
dp* p dp 

to which a number  of a s t r o p h y s i c s  p r o b l e m s  reduce  [2, 3], where  n, gener~lly speaking,  can take on any 
va lues .  Po inea r6  [4] showed that this equation is c lose ly  r e l a t ed  to the theory  of Fuchs  functions.  

The genera l  solution of Eq. (4) for  a r b i t r a r y  n cannot  be e x p r e s s e d  in t e r m s  of known functions ~2]. 
Only for  n = 0 and i c an  the solution of this equation be e x p r e s s e d  in c losed fo rm in t e r m s  of known func-  
t ions [5]. The fo rm of the solut ions c lose  to the s ingular  point p = 9 is inves t igated in [2] for  a r b i t r a r y  
n by using s e r i e s  expansions ,  but these  s e r i e s  a r e  only of theore t ica l  in te res t  s ince they a r e  too c u m b e r -  

some  to be of p rac t i ca l  use .  

Apparen t ly  the lack  of even an approx imate  analyt ic  solution of the p rob lem of Poiseu i l l e  flow in a 

plane channel is due to the difficulty of in tegrat ing Eq.  (1). 

We show how to obtain an approx imate  solution of Eq. (1) with a p r ea s s igned  a c c u r a c y  by reducing 
it to a nonl inear  in tegral  equation and solving it approx imate ly .  

In  (1) we make  a subst i tut ion d i f ferent  f rom (2) and se t  

~1= 2 t - -  1 (0 ~ t - ~  1), (5) 
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Fig.  1. Dis t r ibut ion  of d imens ion less  veloci ty  in non i so the rmal  
plane Po iseuf l l e  flow. 1) Vmax '=  3; 2) 4; 3) 5 m / s e c .  

Fig.  2. Dis t r ibut ion  of d imens ion less  t e m p e r a t u r e  in noniso-  
t h e r m a l  plane Poiseuf l le  flow. 1) Vma x = 3; 2) 4; 3) 5 m / s e c .  

then Eq. (1) and i ts  boundary conditions can  be r ewr i t t en  in the fo rm 

d20 -',- (at -',- b) ~ exp 0 =0, (6) 
dt ~ 

O (0) = O~, (7) 

O (1) = 011, (8) 

with the notat ion a = 24"E~ ~and b = v~(C 1 - •  

In tegra t ing  Eq. (6) once we  obtain 
t 

O' (t) = --- ff (at -~- b) ~ exp 0 (x) dx + O' (0). (9) 

Another  in tegra t ion  gives 

t t 

o( t ) - -o (0 )  + o, +b),oxp o de, (10) 
0 0 

or ,  sa t i s fy ing boundary condition (7), we obtain 
t t 

O(t) @i -~-mt-- S [S (ar -[-b)2expO(x)d'] d'' (11) 
0 O 

where  O'(0) = m is a s o - f a r  unknown constant .  

We solve the nonl inear  in tegral  equation (11) by the method of succes s ive  approx imat ions ,  d e t e r -  
mining the n- th  approx imat ion  to the solution of p rob lem (6)-(8) by the e x p r e s s i o n  

t t 

O,, (t) = OI + rn,,t - S [ ~ (a* +b) ~ cup 0,_ I (,)d,]dT:. (12) 
D 0 

Some reasonab le  approx imat ion  to the solution of p rob lem (6)-(8) should be taken as  the ze ro  ap p ro x i -  
mat ion .  In pa r t i cu l a r  if  oonstant  t e m p e r a t u r e s  | and | a r e  specif ied on the boundar ies  of the flow, say  
plane Poiseui l le  flow, it  is expedient  to take the l inear  exp re s s ion  

Oo(t) = At + B, (13) 

as  the ze ro  approximat ion .  This  is a solution of the p rob lem for  constant  v i scos i ty  (k = 0). Then the 
s u c c e s s i v e  approx imat ions  will take account  of the heat  produced by the d iss ipa t ion  of mechan ica l  energy.  

We i l lus t ra te  the p rocedure  for  obtaining success ive  approximat ions  and de te rmin ing  the constant  
m n by a pa r t i cu l a r  example .  Suppose the pla tes  l imi t ing  plane Poiseu i l l e  flow a r e  at  the constant  t e m p e r a -  
t a r e  0 0 =  O. Then 
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O1 (t) mlt (a~ + b) ~ dr mat - -  t*- -  .t 3 -  t'. (14) 
= -- ---- 2 3 12 

0 0 ' 

I f  the f i r s t  approx imat ion  is suff icient  V~e make  the solut ion comply  with condition (8) and find for  m 1 

1 
rn z = k. (15) 

3 

I f  the next  approx imat ion  is r equ i r ed  it can be cons t ruc ted  as  follows: 

( a  ~ ab , b 2'~ b ~ to ' ab a ~ 
e ~  ~ 1 + O~ (t) : 1 ~ - ~  + - ~ -  T . ~ - )  t - -  2 - - - 3  t 3 -  12 t*. ( 1 6 )  

The val idi ty  of this r ep re sen t a t i on  is based  on the fact  that the f i r s t  approximat ion ,  taking account  
of  the heat  of f r ic t ion,  is  sma l l ;  i .e , ,  |  is only sl ightly di f ferent  f rom the ze ro  approximat ion .  Then 

t t 6 

0 �9 i ~ 0  

where  A 0 = b2; A 1 = 2ab + m l b 2 ;  A 2 = a S + 2abra 1 - b 4 / 2 ;  A 3 = a~mi- -4ab3/3 ;  A 4 = -- l lo262/12;A5 = --a3b/2;  A e 
= - a 4 / 1 2 .  F r o m  the condition 02(1) = 0  we find that  

6 

m~ = ~ ,  A~ . (18) 
_ ( i - : -  1 ) ( i + 2 )  

Thus  it  is poss ib le  to cons t ruc t  the solution of p rob lem (6)-(8) with any p reas s igned  accuracy .  

Using the  t e m p e r a t u r e  d is t r ibut ion found, the ve loc i ty  field for  the flow of  a fluid of va r i ab le  v i scos i ty  
between pa ra l l e l  p la tes  is obtained f r o m  

dvz = (Ct--8t) eO,(t). (19) 
dt 

Because  of  the s y m m e t r y  of the t e m p e r a t u r e  dis t r ibut ion re la t ive  to the c e n t e r  of  the channel,  and 
consequently a lso  the s y m m e t r y  of the fluid flow, we find C l = 4. 
= 6 vrk, and finally 

t 

vx(O= 4(1 2~)exp m~ - ~ -  

0 

Then in Eqs .  (14) and (16) a = - 4 ~ k ,  b 

1 ab.c 3 1 .  ~]dT.  
3 12 ] 

Thus  by using the method p roposed  we can reduce  the solution of  the s y s t e m  of coupled nonl inear  
momen tum and heat  flux equations in p lane  Poiseuf l le  flow to a s ingle quadra ture .  

The r e su l t s  of ca lcula t ing the flow of  a c l ea r  heavy lubr ica t ing  oil of domes t ic  manufac tu re  [6] in a 
plane channel  a r e  shown in F igs .  1 and 2. This  kind of fluid is  chosen because  i ts  v i scos i ty  is s t rongly  
t e m p e r a t u r e  dependent.  

A c o m p a r i s o n  of the solution obtained with the r e s u l t  of the numer i ca l  in tegra t ion of the  p rob lem of 
the deve lopment  of flow in a plane channel [7] shows s a t i s f a c t o r y  a g r e e m e n t  even in the f i r s t  a p p r o x i m a -  

t ion.  

(2o)  

o = s i T - T o )  
= y / h  

h 
k = P0V2max s / ~ I ;  ~t 

= ~/~0 
= ~0 e x p  [ - s f r - T 0 ) l  

Vmax  = - (1/2#0) (dp/dx)h 2 
I 

N O T A T I O N  

is the d imens ion less  t e m p e r a t u r e ;  
is the d imens ion less  t r a n s v e r s e  coordinate ;  
is  the half -width  of the channel;  
a r e  the p a r a m e t e r s  of  the p rob l em;  
is  the d imens ion less  v i s c o s i t y ;  

i s  the v i scos i ty  of the fluid a t  T = To; 
is  the m a x i m u m  veloc i ty  in plane Poiseu i l l e  flow at  constant  v i scos i ty ;  
is the mechanica l  equivalent  of  heat ;  
is the t h e r m a l  conductivi ty of the fluid. 
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